The major aim of the present study is to extend the previous work (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) to develop analytical theories to calculate the total ERR and its mode I and II partitions for a mixed-mode delamination in layered isotropic and laminated composite straight beams under various loading conditions and boundary conditions. The work provides a valuable means for the design of such beam structures against delamination.
The structure of this paper is as follows: Sections 2 and 3 develop analytical theories for layered isotropic beams; Section 4 develops analytical theories for laminated composite beams; numerical tests are presented in Section 5; and further discussions and conclusions are made in Section 6. 2  ,  1  1  1  1   2  ,  1  2  ,  1   1  1   2  ,  1  2  ,  1  2  2  ,  1   2  ,  1  2  ,  1   3  2  ,  1  2  2  ,  1   3  2  ,  1   2 u . 12 boundary conditions are therefore required to enforce continuity at the crack tip. There is continuity of deflection at the two crack tips.
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w w w (14) There is also continuity of rotation at the two crack tips but this boundary condition requires special consideration. In cases where the shear modulus is finite, but the through-thickness shear effect is still small relative to bending, it is sufficient to use the following approximation:
In this work, an improved boundary condition is derived and used instead of the approximate Eq. (15) . (10, 12) . It is dependent on the mode partition and is a function of the crack tip forces. An expression for nB F is given in the following section.
There is also continuity of axial displacement at the two crack tips.
The system of 12 equations, given by Eqs. (14) and (17) to (19) , can now be solved to give all the unknown quantities in terms of the six independent variables 
Energy release rate partition
To find the ERR using Timoshenko beam theory, the through-thickness shear effect must be 
The governing equations in Section 2.1 can now be solved to find the crack tip forces and to obtain the ERR partition.
Two sets of orthogonal pure modes
Since the crack tip forces in Eq. (24) cannot be set independently of the loads applied at P are applied at the same location, i.e. 
These fracture modes are now referred to as 'F modes' and denoted by a subscript 'F', because they relate the forces 1 P and 2 P .
Because of Refs. (10, 12) , there are expected to be two sets of pure F modes, where the first set corresponds to zero relative shearing displacement just behind the crack tip (pure mode I) and zero opening force ahead of the crack tip (pure mode II); and where the second set corresponds to zero relative opening displacement just behind the crack tip (pure mode II) and zero crack tip shearing force (pure mode I).
Mathematically, the relative shearing displacement at an infinitely small distance a
where u represents the axial displacement at the interface. For the pure-mode-I mode from the first set, the relative shearing displacement at
. Making the necessary substitutions and taking the limit as 
Now considering the second set of pure modes, the pure mode I mode is given by zero shear force at the crack tip. The shear force at the crack tip is
The mode partition coefficients are known from Eq. (24) and the crack tip shear forces relating to each mode vector are known from Refs. (10, 12) . 
Finally, for the pure mode II mode from the second set, the relative opening displacement at
Making the necessary substitutions and taking the limit as 
Contacting fractures
For some values of 1 P and 2 P , the beams either side of the fracture will come into contact. This raises two questions: where is the point of first contact, and what happens after contact?
To find the point of first contact c x using Euler beam theory, two conditions must be satisfied: first, the relative opening displacement at this point must be zero; second, the relative opening displacement must be a minimum at c x x = , which implies that it is the point of first contact.
Solving Eqs. (46) simultaneously for 1 
P P
and c x , and ignoring the obvious and unavailing solutions for the crack tips, gives
for all values of x . This implies simultaneous contact everywhere along the fracture for this value of Using Timoshenko beam theory, at
there is both zero opening force ahead of the crack tip and zero relative opening displacement just behind. Therefore crack tip running contact occurs at
and a pure mode II fracture is obtained. Since there is running contact, if the loading ratio 1 
is increased further then the crack tip remains closed as the contacting region grows.
Simply supported isotropic beams
The theory presented in Section 2 is easily modified for simply supported isotropic beams. In this section, the modified theory is briefly summarized. For this new case, Eqs. (51) to (53) replace Eqs.
(3) to (5) and (7) . 
Since zero rotation is no longer enforced at the supports, two additional boundary conditions are required at these locations. For simple supports these are 
The contact behavior is found to be identical to the clamped-clamped case, i.e. contact at If the above procedure is repeated for Timoshenko beams then as before, it is found that the 
Energy release rate partition
All of the crack tip forces are known from the solution of the above equations. The ERRs can therefore be found. The mode partition theory for one-dimensional fracture in laminated composite DCBs is briefly summarized here. For full details, readers should refer to works (10, 13) The governing equations in Section 4.1 can now be solved to find the crack tip forces and obtain the ERR partition. 20 
Two sets of orthogonal pure modes
For the symmetric case with Euler beams, for which the crack tip forces are given by Eqs. (80) and (81), the F modes arising from the displacement conditions (i.e. zero relative shearing when
, and zero relative opening displacement when
) can be presented algebraically. By substituting the displacements and crack tip forces for this symmetric case into Eqs.
(32) and (44) and equating them to zero, the following F modes are obtained:
The F modes arising from the zero crack tip opening force when
condition is too extensive to be presented here algebraically. However, for specific cases, a numerical value for F β can be calculated by enforcing orthogonality with F θ . The ERR can be written as
where [ ] C is found by examining coefficients of 1 P and 2 P in Eq. (83) 
Contacting fractures
To find the point of first contact c x using Euler beam theory, again the two conditions given by Eqs.
(46) must be satisfied. Solving these equations simultaneously for Therefore the requirements for physical contact behavior are satisfied by this solution, demonstrating that it is the correct one.
Using Timoshenko beam theory, at
there is both zero opening force beyond the crack tip and zero relative opening displacement just behind. Therefore crack tip running contact occurs at
and a pure mode II fracture is obtained. Since there is running contact, if the loading ratio 1 2 P P is increased further then the crack tip remains closed as the contacting region grows.
Numerical investigations
To verify the theory, a finite element method (FEM) simulation capability was developed based on the Euler and Timoshenko beam theories and 2D elasticity. Normal and shear point interface springs with the very high stiffness of 10 14 N/m were used to model perfectly bonded plies (14, (26) (27) (28) (29) .
Through convergence studies this value was found to be large enough to approach the behavior of a rigid interface, but not so high as to introduce excessive numerical error. The ERR partition was calculated using the virtual crack closure technique in conjunction with these interface springs (14, (26) (27) (28) (29) . A contact algorithm was also implemented to deal with any possible contact in loading.
Two clamped-clamped beam cases were investigated. The first case is an asymmetric, isotropic one, the data for which is given in Table 1 The final simulations used four-node quadrilateral (QUAD4) finite elements with the normal out-ofplane shear moduli. Layers of QUAD4 elements model the sub-laminates and they are also joined with very high stiffness normal and shear interface springs. In the composite case, a layer of QUAD4 elements was used for each individual ply. This was found to be necessary to obtain converged results. In the isotropic case, two and four layers of QUAD4 elements were needed in the top and bottom beams respectively for sufficient convergence. The elements were distributed uniformly along the length and thickness. The results from these simulations are compared against the Euler and Timoshenko theories and an averaged partition rule. 23 The following sections present the results from these three sets of simulations for the two different cases. The only applied loads are 1 P and 2 P ; 1 P was held constant at 1 N and 2 P was varied.
Tests with clamped-clamped isotropic beams
Results from the various analytical theories and numerical simulations of the isotropic clampedclamped beam are presented in Tables 1.3 is not negligible and a second set of pure modes is generated numerically. This is consistent with the discussion and observations in previous work (10) (11) (12) (13) . As expected, crack tip running contact begins at the An 'averaged partition rule' has been tested in previous work (10-13) and has been found to generally give good agreement with the fracture mode partition from 2D elasticity for: (1) all thickness ratios, (2) all loading conditions, and (3) all material properties, including laminated composite. Particularly regarding material properties, there is some complex mechanical behavior in the case of even simple laminates like bimaterials (20) . However despite this, the averaged rule can still provide a reasonable approximation. Readers are referred to these publications (10-13) for further details. Detailed papers by the authors on the topic of fractures on bimaterial interfaces are in preparation (24, 25) 
Tests with clamped-clamped laminated composite beams
The data is now presented for the clamped-clamped laminated composite beam. The plane-strain assumption was used in all these analytical and numerical calculations. Under this assumption, 
Further discussion and conclusions
Analytical theories have been developed for mixed-mode delamination in layered isotropic and laminated composite straight beam structures. Unlike the theories developed by the authors in Refs. The developed theories will be a valuable analytical tool in many applications for example for analytical researchers to develop fracture propagation criteria; for design engineers to design high integrity structures and for numerical analysts to benchmark their simulations, etc. These theories have also been extended to isotropic and composite axisymmetric plates, curved beams and shells; they will be reported in a future paper. 
